The ancestral chromosomal segments in admixed genomes are of significant importance for both population history inference and admixture mapping, because they essentially provide the basic information for tracking genetic events. However, the distributions of the lengths of ancestral chromosomal segments (LACS) under some admixture models remain poorly understood. Here we introduced a theoretical framework on the distribution of LACS in two representative admixture models, that is, hybrid isolation (HI) model and gradual admixture (GA) model. Although the distribution of LACS in the GA model differs from that in the HI model, we demonstrated that the mean LACS in the HI model is approximately half of that in the GA model if both admixture proportion and admixture time in the two models are identical. We showed that the theoretical framework greatly facilitated the inference and understanding of population admixture history by analyzing African-American and Mexican empirical data. In addition, we found the peak of association signatures in the HI model was much narrower and sharper than that in the GA model, indicating that the identification of putative causal allele in the HI model is more efficient than that in the GA model. Thus admixture mapping with case-only data would be a reasonable and economical choice in the HI model due to the weak background noise. However, according to our previous studies, many populations are likely to be gradually admixed and have pretty high background linkage disequilibrium. Therefore, we suggest using a case-control approach rather than a case-only approach to conduct admixture mapping to retain the statistics power in recently admixed populations.
INTRODUCTION
Admixed populations arise when two or more previously mutually isolated populations start interbreeding, which is a very common phenomenon in the human evolutionary history. [1] [2] [3] As recombination breaks and rejoins DNA molecules to form new ones, a chromosome from an admixed population resembles a mosaic of ancestral chromosomal segments from different parental populations. Furthermore, the distribution of ancestral chromosomal segments can be reshaped and rearranged by recombination in each generation, which essentially provides valuable information about population history. 1, [4] [5] [6] In general, the ancestral chromosomal segments from different parental populations are spliced into shorter pieces as the number of generation increases, while the ancestral chromosomal segments in a recent admixed population are usually much long due to a limited number of recombination events occurred. With the availability of high-density single-nucleotide polymorphisms data in recent years, it is now feasible to infer population history based on the length of ancestral chromosomal segments (LACS). 1 In addition, a number of methods and software, such as PCAdmix 7 and ChromoPainter, 8 have been developed to identify ancestral chromosomal segments based on the high-density genomic data. 2, [9] [10] [11] Application of these methods to the empirical data has significantly increased our knowledge of population history and admixture processes. 1, 5, 10, 12, 13 However, such studies are limited to comparisons between empirical and simulated data in particular; the features of LACS distributions in some classic admixture models are still not clear.
Indeed, theoretical distribution of LACS not only benefits the inference of population history but also has many implications in admixture mapping, which is a type of mapping strategy to identify disease-associated genetic variants in recent admixed populations. [14] [15] [16] Theoretical and experimental analyses have shown that admixture mapping is a potentially promising tool for the identification of genetic variants compared with other gene mapping methods. 2, [15] [16] [17] [18] The statistical power of admixture mapping relies on the elevated linkage disequilibrium (LD) and the ancestral chromosomal segments created by population admixture. 15, 19, 20 Although the features of LD pattern under different admixture models and their implications in admixture mapping have been investigated in various studies, 14, 20, 21 the influences of LACS distribution on the signatures of association have never been explored.
In this study, we inferred the theoretical LACS distribution in two simple representative admixture models: hybrid isolation (HI) model 22 in which admixture occurs only in the first generation and gradual admixture (GA) model 23 in which admixture occurs at a fixed rate in each generation. We also inferred the relationship of mean LACS in the two classic admixture models and showed that the theoretical framework in this study facilitated the inference of population history. Finally, we compared the signatures of association in admixture mapping in the two admixture models and proposed strategies to retain the high statistical power in each model. In summary, we believe the theoretical framework and data analysis in this study will facilitate admixture mapping, detection of signatures of natural selection and inference of population history in the future.
MATERIALS AND METHODS

Admixture models
In this study, we first attempted to explore the distribution of ancestral chromosomal segments in two typical admixture models representing two general cases of population admixture ( Figure 1 ): HI model 22 and GA model. 23 A number of previous studies have investigated the genetic structure and LD pattern of the admixed population based on the two typical models. 20, [22] [23] [24] In the admixture models, m is the proportion of genetic contribution from one parental population and bounds between 0 and 1 inclusive. Here, m and 1 Àm represent the genetic contribution of parental populations, pop1 and pop2, to the admixed population, respectively. T represents the total number of generations since the first admixture event happened. t, ranging from 1 to T, represents the current number of generation the admixed population has experienced. In the HI model, admixture occurs only in the first generation without further genetic contribution from parental populations (Figure 1a) . In the GA model, admixture occurs gradually and the parental populations contribute gene flow to the admixed population in each generation. The rates of gene flow from pop1 and pop2 to the admixed population in each generation are m/T and (1 Àm)/T, respectively (Figure 1b ). This ensures that the genetic contribution of a given parental population to the admixed population is constant in each generation.
Population samples and data
In this study, we investigated the population history of African-Americans and Mexicans based on a three-way admixture model, that is, African, European and Amerindian/East Asian. Detailed information about the African-American and Mexican data sets has been described in previous studies. 1, 25 Briefly, the African-American data set contained 2214 AfricanAmericans and 268 samples from their three putative parental populations. The 268 samples representing the three putative parental populations consisted of 112 European samples (Utah residents with northern and western European ancestry from the CEPH collection; CEU), 112 African samples (Yoruba in Ibadan, Nigeria; YRI) and 44 Amerindian samples.
RESULTS
Theoretical distribution of LACS in the HI model
In the HI model (Figure 1a) , the two parental populations, pop1 and pop2, intermarried T generations ago, and their genetic contributions to the admixed population were m and 1 Àm, respectively. We used genetic distance (Morgan) to measure LACS. Recombination events occurring along the chromosome would follow a Poisson process at a rate of 1 in each generation if the ends of the chromosomes were ignored. Recombination occurring between two ancestral chromosomal segments, both from pop1, could be ignored if the genetic contribution of pop1 (m) was very small. For a particular chromosome from pop1, each recombination event would cut the ancestral chromosomal segments into smaller pieces. As a result, the ancestral chromosomal segments entering the admixed population T generations ago followed an exponential distribution with mean 1/T: f ðx; TÞ ¼ Te À Tx . 4 However, m is usually not a small value in typical admixture models, and influences of recombination on ancestral chromosomal segments from the same parental population should not be ignored. We treated pop1 as the given parental population and analyzed the ancestral chromosomal segments from it to illustrate the distribution of LACS in this study. The probability that a given ancestral segment from pop1 could recombine with those from the same parental population was m. However, recombination among ancestral chromosomal segments from the same parental population could not change the LACS distribution, while recombination among chromosomal segments from distinct parental populations tends to cut the segments into smaller pieces. The probability that a particular ancestral segment from pop1 recombined with ancestral chromosomal segments from pop2 was 1 Àm. Thus, chromosome segments from pop1 recombining with those from pop2 followed a Poisson process at a rate of 1 Àm. Then after T generations, the distribution of LACS from pop1 in the admixed population would follow an exponential distribution with mean 1 ð1 À mÞT , as shown below.
Based on this formula, we found that LACS distribution in the HI model was influenced by the genetic contribution of parental population (m) and the number of generations (T). Briefly, the less the genetic contribution from parental population (m) the shorter the average LACS and the larger the number of generations the shorter the average LACS.
Theoretical distribution of LACS in the GA model
In the GA model (Figure 1b) , parental populations gradually contributed their genetic material to the admixed population over T generations. Relative gene flow from parental populations, pop1 and pop2, to the admixed population at each generation were m/T and (1 Àm)/T, respectively, with rest of the genetic materials from previous generations of the admixed population. Therefore, the final genetic contributions of pop1 and pop2 to the admixed population Figure 1 Schematic diagram of HI model (a) and GA model (b) for inferring the distribution of LACS. HI and GA models were adopted from previous studies. 1 In each model, the genetic contributions of pop1 and pop2 were m and 1 Àm, respectively. The admixed population experienced t generations ranging from 1 to T generation.
Ancestral segments in admixed genomes W Jin et al were m and 1 Àm, respectively. Similar to the HI model, we treated pop1 as the given parental population and analyzed the ancestral chromosomal segments from pop1 to illustrate the distribution of LACS. If a chromosome from pop1 entered the admixed population t (1rtrT) generations ago, the distribution of LACS derived from this chromosome would be the same as that in the HI model: f ðx; tÞ ¼ ð1 À mÞte À ð1 À mÞtx . If chromosome ends were ignored, a chromosome from pop1 would be expected to split into E(k(t)) ¼ (1 Àm)t pieces per unit length. Then the contribution of ancestral segments from pop1 to the admixed population is proportional to (1 Àm)t after t generations. Therefore, ancestral segments from pop1 included segments from different times over T generations,
Based on this formula, the distribution of LACS in the GA model was observed to be influenced by the genetic contribution of parental population (m) and the number of generations (T).
Consistency between theoretical distributions and simulated data
We simulated data under several scenarios with forward-time simulation program (Supplementary Data). The genetic contribution of a given parental population to the admixed population was set at 50%. We assumed that the effective population size (Ne) of parental and admixed populations was 5000 each, although Ne would not influence the distribution. 1 The number of generations since admixture was set at 10, 20, 50 and 100.
For comparisons, we have displayed the theoretical and simulated LACS distributions in the same figure ( Figure 2 ). As shown, the theoretical distribution was essentially consistent with the simulated distribution in both the HI and GA models in all scenarios (Figures 2a  and c) . Moreover, we observed that the theoretical LACS distribution with 100 generations almost perfectly fit the simulated data based on Quantile-Quantile (Q-Q) plot (Supplementary Figures S1 and S2) . Further analysis showed no significant difference between theoretical and simulated distributions (P40.05, Kolmogorov-Smirnov tests 26 ). Further analysis showed that the simulated data lacked long ancestral chromosomal segments compared with theoretical distribution when the number of generation was short (to10). These differences were essentially caused by assuming an infinite chromosome length in theoretical distribution, while the simulated data were based on real length of human chromosomes with fixed and finite lengths. With t ¼ 1, LACS in theoretical distribution was ill-defined, and the distribution become more accurate when t became larger. We also found that the distributions of LACS among different generations were significantly different from each other in each tested model. (Po10 À16 , Kolmogorov-Smirnov tests 26 ). The difference of distributions observed among different generations was more pronounced when the 10-based logarithm of LACS was obtained (Figures 2c and d) . 
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Comparison of LACS distributions between HI and GA models Although we deduced the theoretical distribution of ancestral chromosomal segments in both the HI and GA models separately, we were also interested in the relationship between these distributions. As the mean of LCAS in the HI and GA models were Eðx; TÞ ¼ 1 ð1 À mÞT andÊðx; TÞ ¼ 2 ð1 À mÞT (see Supplementary Data), respectively, we could observe that the mean LACS of a given parental population in the GA model is twice as that in the HI model if both the number of generation (T) and genetic contribution (m) in the two models were identical, which also indicated that the mean LACS in the GA model was equal to that in the HI model with half the admixture time.
As the variance of LCAS in the HI and GA models are Dðx; TÞ ¼
respectively, we could observe that the variance of LACS in the GA model was higher than that in the HI model if T41 (GA model assumes at least two generations since admixture). This was reasonable considering that admixed population in the GA model contained both the long ancestral chromosomal segments that entered the admixed population recently and short ancestral chromosomal segments that entered much earlier. Besides, the mean and SD of LACS in the HI model were identical (Figure 3a) as they followed an exponential distribution, while the SD of LACS in the GA model was larger than the mean. As variance of LACS distribution in the GA model was larger than that in the HI model with the same generation (Figure 3a) , we conjectured the LACS distribution in the GA model could be flatter than that in the HI model, which was also supported by the observations (eg, Figure 3b ). Although the mean LACS in the GA model was the same as that in the HI model with half the number of generation, there was a much higher proportion of long ancestral chromosomal segments in the GA model compared with that in the HI model (eg, Figure 3b ). After investigation of the overall pattern of LACS distribution in both the HI and GA models, we further examined LACS distribution in a specific genomic region in the two typical models. A genetic locus was randomly selected from a gradually admixed population (admixed population under the GA model) and a hybrid-isolated population (admixed population under the HI model). We found that the genetic contribution of loci transmitted with the given locus along the chromosome decreased quickly as the distance to the given locus increased in the hybrid-isolated population, whereas it decreased much slower in the gradually admixed population compared with that in hybrid-isolated population (Figures 3c and d) . These results indicated that different admixture dynamics could have a strong influence on the pattern of local ancestral chromosomal segments. In particular, the change of genetic contribution of loci transmitted with the given locus in the gradually admixed population became slower as the distance to the locus increased. The genetic contribution of a given parental population to the admixed population was hardly reduced to 0, because some recent ancestral chromosomal segments from the given parental population were very long and even spread through the whole chromosome in the admixed population (Figure 3d ). 
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LACS distributions facilitated inference of African-Americans population history
Thus far, previous studies on African-Americans focusing on either population history or admixture mapping have deliberately ignored the Amerindian ancestral component. [27] [28] [29] [30] Recent studies, however, have shown considerable fractions of Amerindian ancestral component in many African-American individuals. 1, 13 Using STRUCTURE, 31, 32 we estimated the genetic contribution of African, European and Amerindian/East Asian populations to the 2114 African-Americans to be 0.725, 0.245 and 0.029, respectively (K ¼ 3). The genetic contribution of Amerindians to African-Americans observed in our study was similar to that in a previous study using African-American samples from Washington, DC, USA. 33 We identified the ancestral chromosomal segments of each parental population in the 2114 African-Americans and considered only the ancestral chromosomal segments with length 40.005 Morgan. Among the three parental populations, the African ancestral component contained the highest proportion of long ancestral chromosomal segments, while Amerindian ancestral component contained the highest proportion of short ancestral chromosomal segments (Figure 4a ), which suggested that the less the genetic contribution the shorter the ancestral chromosomal segments. For Amerindian ancestral component, the mean LACS in the 13-generation HI model was very close to the empirical value while the mean LACS in the GA model required 420 generations (400 years, assuming 20 years per generation) to reach the empirical value (Figure 4b ), which contradicted with the recorded history that most African ancestors arrived in America after eighteenth century. Therefore, we concluded that the admixture of Amerindians with other parental populations was likely to be similar to the 13-generation HI model.
Regarding the European and African ancestral components, the means of LACS in both 7-generation HI and 13-generation GA models were very close to the empirical values (Figures 4c and d) . Although it is difficult to distinguish a 13-generation GA model from a 7-geneation HI model based on the empirical distribution of African ancestral component (Supplementary Figure S3) , the empirical distribution of European ancestral component showed high proportion of long LCAS and was concordant with the 13-generation GA model (Supplementary Figure S4) . In addition, the recorded history of African-Americans is much longer than 7 generations, 1,25,34 which supported a 13-generation GA model to explain the primary admixture pattern of African and European ancestral components. However, the number of generations indicated by the mean and the SD of LACS were not perfectly consistent for each parental population (Figure 4 ), suggesting the complicated population admixture history of African-Americans.
Finally, we have proposed a model to explain the primary admixture pattern of the three parental populations of Urban African-Americans as explained below. The primary African ancestors of current African-Americans arrived in North America in the LACS distributions facilitated the inference of Mexican population history Although we systematically analyzed the population admixture history of Mexicans using European and African ancestral components, 1 we expected to infer a detailed population history when all three continental ancestral components (Africans, Europeans and Amerindians) were considered simultaneously. Using STRUCTURE, 31, 32 we inferred that the genetic contributions of African, European and Amerindian populations to the 458 Mexicans to be 0.033, 0.451 and 0.517, respectively (K ¼ 3). We identified ancestral chromosomal segments of each parental population in the 458 Mexicans and considered only the ancestral chromosomal segments with length 40.01 Morgan. Further analysis showed that the distributions of Amerindian and European ancestral components were almost identical (Figure 5a ). Both Amerindian and European ancestral components contained a higher proportion of long ancestral chromosomal segments compared with African ancestral component (Figure 5a ).
In the HI model, the estimated number of generations of Amerindian, European and African ancestral components based on the mean LACS was 11, 11 and 10, respectively ( Figure 5 ). In contrast, in the GA model, the estimated number of generations of Amerindian, European and African ancestral components based on the mean LACS was 22, 21 and 20, respectively ( Figure 5 ). Further analysis showed the empirical LACS distributions of European and Amerindian ancestral components were concordant with the GA model (Supplementary Figures S5 and S6) . Therefore, formation of Mexican could be explained by a 22-generation GA model between European and Amerindian at the beginning, and subsequently, African further admixed with the admixed population. The model was essentially consistent with the history of Mexican as reported.
Influence of LACS distribution on admixture mapping As different admixture dynamics can result in different LACS distribution, it was necessary to elucidate the influence of LACS distribution on admixture mapping. We believe this effort could help improve the statistical power in identifying disease-associated genetic variants using admixture mapping. Therefore, we conducted a series of simulations to examine the signatures of association in admixture mapping (see Supplementary Data). We compared the pros and cons of case-only and case-control designs in gradually admixed populations and hybrid-isolated populations.
To compare the admixture mapping in the HI and GA models, we used identical parameters for simulations by varying only the Ancestral segments in admixed genomes W Jin et al admixture model. Therefore, the main difference in the signature of association between hybrid-isolated population and gradually admixed population should result from different admixture dynamics. In each study, we simulated 2000 cases and 2000 controls for admixture mapping, with genetic contribution of the given parental population to the admixed population y ¼ 20%, number of generations since the admixture l ¼ 20 and the increased risk of 2 for containing alleles from the given parental population at the susceptibility locus. Although the highest ancestral deviations at the susceptibility locus in both hybrid-isolated population and gradually admixed population were identical (40%), we found that the peak of association in the hybrid-isolated population was narrower and sharper than that in gradually admixed population (Figure 6 ), indicating that the identification of putative causal allele in hybridisolated population could be more efficient than that in gradually admixed population. In contrast, the peak of signatures in gradually admixed population was wider than that in hybrid-isolated population (Figure 6 ), indicating that admixture mapping on a genomewide scale in gradually admixed population required fewer markers than that in hybrid-isolated population.
In the case-control designed admixture mapping, P-values were calculated by comparing the deviation of genetic contribution in cases with that in controls through phenotype-association analysis. 17, 18 P-values of admixture mapping were determined from the ancestral deviation between cases and controls. Therefore, the P-value of susceptibility locus in the GA model could be the same as that in HI, because the highest ancestral deviations in both the HI and GA models were identical. In contrast, the P-values in case-only designed admixture mapping were calculated based on the empirical distribution of LACS in cases. 17, 18 As the distribution of signatures in the GA model was wider than that in the HI model, the P-value in the GA model could be larger than that in the HI model, which indicated that the signatures in HI were more likely to be significant compared with those in the GA model. Therefore, we suggest case-control-designed study rather than case-only-designed study to improve the statistical power of admixture mapping in gradually admixed populations. In contrast, we suggest the case-only-designed admixture mapping in hybrid-isolated populations to reduce the cost.
DISCUSSION
Inference of population history is a fundamental topic in the field of population genetics. A number of studies have developed various methods to identify ancestral chromosomal segments (or the number of recombination breakpoints between different ancestries) for inferring dates of admixture. [7] [8] [9] [10] [11] Recently, Moorjani et al. 34 developed ROLLOFF, which infers dates of admixture by calculating the decrease of admixture LD with genetics distance in the admixed population. Although ROLLOFF performs well on one-pulse admixture (eg, HI model), it is likely to underestimate the time of admixtures in multiple-pulses gene exchanges (eg, GA model). We provided the theoretical LACS distribution under both the HI and GA models, which could facilitate the data simulation and inference of population history. As more accurate approaches to identify ancestral chromosomal segments are being developed, the power to infer population history using our approach is expected to be improved in the future.
When both the admixture proportion and number of generations since admixture were identical in the HI and GA models, we found that the mean LACS in the GA model was twice of that in the HI model, which also advanced our understanding of the population admixture history. For example, our study showed that the number of generations since admixture of African and European ancestral components in African-Americans based on the GA model was 13, indicating that the mean LACS of African-Americans could be the same as that in the HI model with 6-7 generations. This could explain why the number of generations of African-Americans was estimated to be 6-8 in previous studies that did not consider the admixture process. 1, 10, 19, 30, 34 Based on the GA model, the number of generations for Amerindian and European ancestral components in Mexicans was estimated to be 21-22 in this study, which was almost twofold higher than those in previous studies that did not consider the admixture process, [37] [38] [39] [40] which could also be easily explained by our theoretical framework.
Although it is contradicting to assume an infinite length of chromosomes in the theoretical framework, the theoretical LACS distribution was consistent with the simulated data when the number of generations was not very small. In summary, we found that the theoretical LACS distribution we deduced essentially fit the forwardtime simulated distributions in each scenario, which supported and validated the theoretical framework developed in this study. As demonstrated in this study, the theoretical LACS distribution could greatly facilitate the inference of population admixture history in the future. For the implication of LACS distribution in admixture mapping, we suggest corresponding admixture mapping strategies for populations under different admixture models. In this study, we deduced only the theoretical distribution of ancestral chromosomal segments under two typical models. In future, identification of the theoretical distribution of ancestral chromosomal segments under more complex admixture models could be useful to infer more complex population history. Furthermore, we believe the theoretical distribution inferred in this study will have more extensive applications in the future.
CONFLICT OF INTEREST
The authors declare no conflict of interest. Ancestral segments in admixed genomes W Jin et al
